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Tracking in a Cluttered Environment With Probabilistic 
Data Association* 

D6pistage dans une Ambiance Encombr&, avec Association Probabilistique 
des Donn6es 

Verfolgung in einer 6rtlich gest6rten Umgebung unter Verwendung yon 
Wahrscheinlichkeitsdaten 

Y A A K O V  BAR-SHALOM'~ and EDISON TSE~ 

Tracking a target with uncertainty in the origin of  the measurements is accomplished 
with an algorithm, suitable for real-time implementation, which utilizes the a posteriori 
probabilities of the measurements having originated from the target. 

Snmmnry--This paper presents a new approach to the 
problem of tracking when the source of the measurement 
data is uncertain. It is assumed that one object of interest 
('target') is in track and a number of undesired returns are 
detected and resolved at a certain time in the neighbour- 
hood of the predicted location of the target's return. A 
suboptimal estimation procedure that takes into account 
all the measurements that might have originated from the 
object in track but does not have growing memory and 
computational requirements is presented. The probability 
of each return 0ying in a certain neighborhood of the 
predicted return, called 'validation region') being correct 
is obtained--this is called 'probabilistic data association' 
(PDA). The undesired returns are assumed uniformly and 
independently distributed. The estimation is done by 
using the PDA method with an appropriately modified 
tracking filter, called PDAF. Since the computational 
requirements of the PDAF are only slightly higher than 
those of the standard filter, the method can be useful for 
real-time systems. Simulation results obtained for track- 
ing an object in a cluttered environment show the PDAF 
to give significantly better results than the standard filter 
currently in use for this type of problem. 

1. INTRODUCTION 

THIS paper  presents a new, suboptimal approach 
to the problem of  tracking when the source of the 
measurement data is uncertain. This can occur, 
when a sensor, e.g. a radar, is operating in an 
environment in which there is clutter or the false- 
alarm rate is high. I t  is assumed that undesirable 
returns occur independently in time and space and 
that no inference f rom past data can be made on 
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the location, nature or number  of  these returns. 
The reason for this assumption comes from the 
fact that in many problems of  practical interest 
there is little knowledge about  the environment. 
The dynamics of  the target of  interest are assumed 
to be known as well as the covariance of  the 
driving noise; the method presented here does not 
deal with targets that might maneuver. The 
motivation of  this study came from a realistic 
problem in which white noise is a good model as 
input as described, for example, in [I], and where 
undesirable returns can seriously affect the estima- 
tor 's  performance. 

When tracking a target in such an environment 
there might be several 'candidate returns'.  It  is 
assumed that the returns known for sure not to 
have originated from the target of  interest, using, 
e.g. their signature, were already discarded. How- 
ever, there are still several returns resolved by the 
receiver that, based upon the available information, 
predicted location of  the correct return and its 
statistics and their measured location, might have 
originated f rom the object in track. The usual 
procedure, using a 's tandard filter', is to select one  
of  them according to a certain rule, e.g. 'nearest 
neighbor' ,  and then use it for updating the estimate 
of  the state of  the object in track. In this case, even 
if the dynamics and measurement equations are 
linear and the noises Gaussian, a linear (Kalman) 
filter will not be optimal. This is due to the fact 
that  with some non-zero probability, the measure- 
ment which was selected for the update did not 
originate f rom the object in track. Therefore, the 
performance of  this filter would be degraded 
because it is too 'opt imist ic 'mit  would attach too 
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high a confidence in the estimates--and the result 
might be loss of track. Another method commonly 
in use in this case is 'track split', i.e. when more 
than one return is considered to be valid, a new 
track is formed for every possible path. This 
method is very conservative and might be infeasible 
in a real-time system because of being computa- 
tionally costly. 

Sea [2] and Singer et al. [3, 4] treated the problem 
considered here and developed a modified tracking 
filter. This tracking filter took into account the 
possibility that the return chosen for the update, 
the nearest to the predicted measurement, was an 
incorrect one. However, this was done using only 
the a priori probability that the selected return 
originated from the object in track. Jaffer and 
Bar-Shalom [6] derived a modified filter that 
utilized the a posteriori  probability that the selected 
return originated from the object in track. This 
algorithm incorporated real-time information to 
modify the Kalman filter, as opposed to [2-4] 
which used only a priori  information to this 
purpose. The above procedures [2-4, 6] are of the 
nearest-neighbor type with modified filter. 

The approach suggested here is to obtain an 
estimator which incorporates all the measurements 
that might have originated from the object in track 
rather than selecting at each time one of them as in 
the previous procedures. This estimator makes use 
of  the a posteriori  probability that each of the 
validated measurements originated from the object 
in track--therefore,  it incorporates all the available 
information. These probabilities are obtained 
using the locations of the measurements.* Addi- 
tional information, e.g. target signature, might also 
be incorporated in these probabilities. In the 
computation of these probabilities it is assumed 
that the innovation corresponding to the correct 
return is normally distributed. While this is only 
an approximation, it allows us to obtain a fixed 
memory algorithm. The simulation results indicate 
that the performance of the PDAF is significantly 
superior to that of a standard filter; this is believed 
to justify the practicality of the above approxima- 
tion. The algorithm is adaptive to the environment 
in the following sense: the actual number of returns 
observed and their location will affect the confi- 
dence, in terms of the covariance, of  the estimate. 
While it is obvious that no filter is capable of track- 
ing in an arbitrarily dense cluttered environment, 
the importance of the method presented is that it 
extends the range, in terms of  clutter density, in 
which one can reliably track targets with reasonable 
computational requirements. 

* A preliminary version of this method appears in [5]. 
After [5] appeared, Singer et al. [7] obtained a filter that 
was combining track splitting with data correlation using 
a posteriori statistics. 

The problem is formulated in Section 2 and 
the probabilistic data association procedure is 
described in Section 3. The new filter, called 
probabilistic-data-association filter (PDAF), is 
presented in Section 4. Also the computational 
requirements of the PDAF are shown and com- 
pared with those of the track-split filter (TSF). 
The simulation results presented in Section 5 show 
a notable improvement in the performance of the 
PDAF over the nearest-neighbor standard filter 
for a tracking problem where the use of the TSF 
would be prohibitive. 

2. FORMULATION OF THE PROBLEM 

The dynamics of the object in track are modelled 
by the equation 

Xk+ 1 = FkXk"bWk, k = 0, 1 .. . .  , (2.1) 

where x k is the n-dimensional state vector, F k is 
the (known) transition matrix and w k is the process 
noise, assumed to be normally distributed with 
mean zero and known variance 

E(wk w/)  = Qk 3k~ (2.2) 

The initial state is also normally distributed with 
mean ~,~0 and covariance P010, independent of  w k. 

The measurement system is modelled as follows. 
If  the measurement originates from the object in 
track, then 

z k = H k x k + y  k, k = l  . . . . .  (2.3) 

where H k is a known (r x n) matrix and the measure- 
ment noise Yk, independent ofw~ and x0, is normally 
distributed with mean zero and known variance 

EVk vi' = Rk  3kj. (2.4) 

The case where the dynamic and/or measurement 
equations are nonlinear is discussed in Section 4. 

It is assumed that a rule of validation of the 
'candidate measurements' is available such that it 
guarantees that the correct return will be retained 
with a given probability. This will be discussed in 
more detail later. 

The model for the incorrect returns is as follows: 
Given that a certain number of these returns has 
been observed, their spatial distribution is assumed 
uniform and independent. The probability distribu- 
tion of the number of incorrect returns is assumed 
to be a 'diffuse' uniform one, i.e. there is only a 
vague knowledge about it. This is discussed in 
more detail in the next section and in Appendix C. 

Denote the set of validated measurements at 
time k as 

Z k = {zk.i}i_fl ~ (2.5) 
and 

Z k ~{Zj} j_ l  k. (2.6) 

The minimum variance estimate, conditional mean, 
is, therefore (. 

-Xklk = [xkp(xkl  Zk) dXk" (2.7) 
2 
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The above equation constitutes the mathematical 
basis for the new approach: the best estimate, in 
the m.m.s.e, sense, is to be computed by condition- 
ing upon all the observed random variables that, 
with some non-zero probability are dependent on 
x k. Therefore one has to use all the measurements 
that might have originated from the object in track. 
This conditioning on all the random variables that, 
with some nonzero probability, depend upon Xk is 
the main feature that distinguishes this approach 
from the previous ones. • 

3. THE PROBABILISTIC D A T A  ASSOCIATION 
(PDA) M E T H O D  

Using the notations introduced in the previous 
section, define the following events 

Xk,~ = {zk,t is the correct return}, i = 1, ..., m k (3.1) 

and 

Xk~ = {none of the validated returns is correct}. 

(3.2) 

Since only one return can be correct, the above 
events are mutually exclusive and exhaustive. With 
this, (2.7) can be written as follows: 

t:kl~, Z~/r{xs, I zk) 

- ZZ{X, Ixka, (3.3)* 

Therefore, what one needs is to find the expres- 
sions of  

~k,~ ~P{xk ,~ lZk} ,  i = O, 1 . . . . .  mk,  (3.4) 
i.e. the a posteriori probability of each return 
having originated from the object in track. This 
is the 'probabilistic data association'. As mentioned 
in the Introduction, it is assumed that no inference 
on the number of incorrect returns can be made 
from past data. It is also realistic to assume that 
the sensor 'looks' only within the validation region 
and, therefore, there is no information about the 
present 'clutter density'. Singer et al. [7] assume 
that this density is available and use a Poisson 
model with a fixed known parameter for the 
extraneous reports. While such a model fits the 
false alarms, it is questionable whether it is appro- 
priate for clutter that might be, e.g. concentrated 
in certain regions of the space. Our assumption of 
ignorance, i.e. that no inference can be made on 
the number of incorrect returns, is shown in 
Appendix C to be equivalent to an improper or 
'diffuse' uniform distribution on the number of 
incorrect returns. 

The following assumptions are made in this 
PDA method 

* The number  of  observed returns mk is subsumed in the 
conditioning. 

(I) The probability density of a measurement, 
conditioned upon past data and given that 
is correct, 

p(zk,iiXk,i,Z x-x) ~___f(Zk,~lZ k-l) (3.5) 

it is assumed to be available. This density 
will be discussed more in the next section, 
where the modified filter is presented. In 
order to obtain a fixed-memory filter, this 
density will be approximated as normal. 

(2) The density of a measurement given that it is 
incorrect is uniform in the validation region 
whose volume is denoted by V~, i.e. 

p(zk , i l xkz ,  Z k - l )  = Vk -x, j ¢ i. (3.6) 

(3) No inference can be made on the number of 
validated returns from past data. 

(4) The probability of each return being correct, 
conditioned on the past data, is the same, i.e. 
no target signature information is used; the 
procedure can be modified to use such a type 
of information. 

The derivation of the probabilities flk,t defined in 
(3.4) using Bayes' rule is carried out in detail in 
Appendix C. The a posteriori probability that the 
ith return is correct is obtained as 

flk,~ ---- { f(Zk,i[ Z~-I) 

bk+ zk,iiZ k-a , i = 1  . . . .  ,m k, (3.7) 

where 

bk ~mk Vk_ 1% +ot,z--oj~ 1 o~ (3.8) 
( 1 -  ax) (1 o~)" 

ax is the probability that the correct return will 
not lie in the validation region and o~ is the proba- 
bility that the correct return will not be detected. 
The a posteriori probability that none of the 
returns is correct is 

m t  k 1 . flk,o=bk/[bk+~f(Zk,tlZ -)] (3.9) 

Equations (3.7) and (3.9) form the probabilistic 
data association method. 

4. THE PROBABILISTIC-DATA-ASSOCIATION 
F I L T E R  

As pointed out in [5], the computation of the 
exact probability density of the state conditioned 
upon all the validated measurements, which is a 
sum of Gaussian densities, is equivalent to track 
splitting and, consequently, too costly to be 
feasible. Therefore, an approximation has to be 
made in order to have an algorithm that can be 
implemented in real time. 

To obtain such a filter, we shall approximate the 
density of  the state conditioned upon the past 
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observations as being normal with mean ~k~k-1 and 
covariance Pklk-X, i.e. 

P(Xkl Zk-1) ---- "~t/'(:~klk-1, Pal k-l)' (4.1) 

Similar assumptions were made in other related 
problems, e.g. in [8], in order to get an implement- 
able solution. In [3] this assumption was also used, 
even though it was not explicitly stated. The 
practicality of assumption (4.1) is believed to be 
justified by the simplicity of the resulting algorithm 
and its performance in a practical problem as 
illustrated in the next section. 

As noted earlier, because of computational 
considerations only those measurement returns 
which pass a certain validation test are considered 
for updating a particular track. Following (4.1) 
the residual, or innovation [9], corresponding to 
the correct return, denoted here by Zk, j, is 

vk, j ~ Zk, j -- 9.ktk_l, (4.2) 

where ~klk-X is the conditional mean of the observa- 
tion based on approximation (4.1), will also be 
assumed to be normally distributed with mean zero 
and covariance Sk, given by 

Sk = Hk Pklk--1H~' + R k. (4.3) 

In view of this, one can write the validation test 
as follows: accept the measurements at time k that 
satisfy 

Pk,i LX flk(~k,i) <~ ~/, (4.4) 

where y is a threshold, 

pk(V) Zx ,~'Sk -1 ,~ (4.5) 

and '~k,i denotes the innovation corresponding to 
the measurement Zk, ~. The value pk(V) defined in 
(4.5) shall be referred to from now on as distance 
or norm squared. 

The test (4.4) actually represents the requirement 
that a valid measurement be in the ellipsoid of a 
given probability concentration, a 'confidence 
ellipsoid' [10]. Namely, the constant ~, is obtained 
by noticing that for the correct return, the distance 
p has an r degrees of freedom X 2 distribution. This 
is done using X 2 tables for a given probability cq 
of rejecting the correct return. 

The approximate sufficient statistic of the past 
measurements according to (4.1) is denoted as 

Yktk-I ---- (Xklk-1, Pklk-1}" (4.6) 

Following (4.1)-(4.5) the probability density (3.5) 
of a measurement given that it originated from the 
object in track and it has been validated, conditioned 
upon Z k-~ is a truncated normal density, i.e. 

f(Zk,i[ Yklk-1) = (1 -- al) -1..,V(H k Xktk-X, Sk) (4.7) 

inside the validation region and zero outside it. 
With assumption (4.1) and the PDA method 

described in the previous section, the probabilistic 
data association filter (PDAF) is derived in 

Appendix A. The approximate conditional mean 
of  the state is obtained as 

E{XkIZk, Yktk--1) ZX'~klk = XkIk-l + Wk ~k, (4.8) 

where 

rnk 
vk ~= ~ flk,i Vk,i (4.9) 

i=l 

is the weighted innovation which uses all the 
validated measurements. The estimate ~k~k is a 
nonlinear function of the observations via the 
coefficients flk,i. The coefficient flk,i is the aposteriori 
probability that zk, i originated from the object in 
track and W k is the weighting matrix given by 

Wk = Pklk-1 Hk'Sk -1. (4.10) 

The covariance associated with the estimate 
(4.9) is 

Pklk = PkEk ° + Pk, (4.1 1) 

where Pklk ° is the covariance of the update if we 
have only one return and 

Pk ZXWk_ -ffi~klVk~ k,~-  k v k J W k  ' (4.12) 

is a positive semidefinite matrix which shows the 
effect of  the incorrect measurements by increasing 
the covariance of the update Pklk as described in 
Appendix A. As can be seen from (4.12) the 
confidence on the estimate is a function of the 
actual number of validated returns and their 
location. This is an important feature of the new 
filter. 

Another important feature of this algorithm is 
that its computational requirements are the same 
as the standard filter's when only one return falls 
in the window and increase only when the need of 
processing multiple returns arises. Based upon a 

.computer instruction count, Table 1 shows the 
• approximate increase of the computational require- 

ments of the new filter compared to the standard 
filter* as a function of the number of returns in the 
validation region. 

TABLE 1. COMPUTATIONAL REQUIREMENTS OF THE 
PDAF vs. THE STANDARD FILTER 

Number of validated returns 1 2 3 4 

Factor of increase 1 1.4 1.6 1.8 

In Fig. 1 the expected computational require- 
ments, per sampling time, relative to the standard 
filter, of  the PDAF are shown vs those of the track- 
split filter (TSF). As can be seen, the requirements 
of the TSF grow exponentially with time when f, 
the expected number of incorrect returns per 

* The standard filter utilizes only one return, the nearest 
one, as if it were the correct one, i.e. the covariance and 
gain are not modified• 
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window is greater than 1; Appendix B discusses 
the pertinent equations. While these numbers are 
an upper bound because some of the tracks might 
be dropped, the computer might still saturate 
rapidly. As will be illustrated in the next section, 
the PDAF can be used successfully in a certain 
range of f where the TSF is not feasible and its 
performance is superior to the standard filter's 
performance. 

z 

=* ,o~ 

-1 
z 
Q 2 

X 8 

_z 

,o4, ; . I .s  LEGEND / 
TSF 

- - -  PDAF / 
F, Expected number of J 

folse returns per / /  ~, 1.2 .,o/y 

0 I0 20 30 
NUMBER OF SAMPLING TIMES 

SINCE TRACK INITIATION 

FIo. 1. Comparison of computational requirement of 
TSF and PDAF. (Normalizext w.r.t, the standard filter.) 

In problems where the dynamics and/or the 
measurements are nonlinear, the PDA method 
using the assumptions of Section 3 can be used 
with a filter as described by equations (4.8)--(4.12) 
based on the linearized system about the latest 
estimate. The additional errors introduced by the 
linearization can be handled in a manner similar 
to the one used for extended Kalman filters, e.g. 
by increasing the process noise covariance [11]. 
Simulations results using such an 'extended' PDAF 
for a practical problem are presented in the next 
section. 

5. SIMULATION RESULTS 

The problem on which this new algorithm was 
simulated is the tracking of a target with a seven- 
dimensional state with two angle-only sensors. A 
relatively complex and nonlinear example was 
chosen to assess the performance of the PDAF. 
Since such a simulation is more realistic, the con- 
clusions based on it are of more practical signifi- 
cance than those that could be drawn from a simple 
example. The additional difficulty arising from the 
nonlinearities was solved by using as a standard 
filter the extended Kalman filter with the lineariza- 
tion performed about the latest estimate. This filter 
was using the 'nearest neighbor' as if it were the 
correct return, as it is done in most applications. 

32 

The PDAF consisted of equations (4.8)-(4.12), 
where the gain and covariance were evaluated 
using linearization about the latest estimate, com- 
bined with the PDA method as described in 
Section 3. 

The dynamic equations of the target were, in 
inertial coordinates, 

,t(t) = fix(t)] + w(t), (5. l)  

where w is the process noise, 

x = [ x , y , z ,  Yc, p,~, ,~]' ,  (5.2) 

P 

~+f~y x 
vR ~ (x ~ + f + z2) t 

f ( x ) =  p - f 2 x  y , (5.3) 
o~ ~ t~ (x2 + f + z2), UR 

:~ z 

~" ~ -  ~ (x~ + f + z~)' 

Ot 2 

c 

x, y, z are the Cartesian position coordinates, a is 
the net difference betwegn thrust and drag, both 
axial, per unit mass 

a ffi ( T -  D)/ra (5.4) 

which satisfies the differential equation 

,~ ffi o~/c,  (5.5) 

where c = 5 kin/see and a(0)--20 m/see ~. f2 de- 
notes the spin rate of the earth, 

vR ~ ffi (~+ f~y)2 + ( p -  fZx)~+(~)~ (5.6) 

and p is the gravitation constant. The target 
trajectory was generated without noise; however, 
the filter, in order to account for the nonlinearities 
of the system, assumed a process noise as in (5.1) 
with a 'tuned' covariance equal to a fraction 
(10 -~) of the covariance of the updated state. 

Each sensor measures the azimuth and elevation 
angles of the line of sight to the target with a 
variance of 10 "-s radL These sensors are located 
at different points and this guarantees the complete 
observability of the target's trajectory. In a 'clean' 
environment the extended Kalman filter reached 
steady state after about ten observations and the 
resulting 99 per cent validation region, the 'standard 
window', was used as the basis to define the clutter 
density. In the simulation the incorrect returns 
were generated using a random number generator 
as described in Appendix D. The parameter of the 
study was f, the expected number of undesired 
returns in the standard window. 
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As pointed out earlier, the PDAF does not use 
any environmental parameter and, therefore, can 
be used with no modifications in any environment, 
even if f is time-varying. 

The purpose of the simulation was to investigate 
the tracking capability of  the PDAF vs the standard 
filters. At this stage, no theoretical model of the 
probability of  losing track with the new filter is 
available. This is due to the fact that the covariances 
are computable in real time since they depend upon 
the number of validated measurements. The track- 
ing capability of  the PDAF has been, therefore, 
studied via simulations. 

The length of each run was 100 samples, for 
each of the two sensors. Figure 2 presents the 

I 0 0  

• NNSF (neorest-neiehbor standard filter) 

• PDAF (wobabilietic data-aelociction filter) 

P- 75 
I -  

..J 
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o 5O 
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I-- 
z 

0 .75 1.5 2.25 3 
EX~ECTE0 NUMBER OF FALSE RETURNS PER 

WINDOW OF STANDARD FILTER 

F|G. 2. Comparison of tracking capability of N N S F  vs 
PDAF.  

percentage of  lost tracks for the NNSF compared 
to the PDAF for various clutter densities. These 
numbers were obtained from 50 Monte Carlo 
runs; a track was considered lost when the correct 
measurement was not in the validation region of 
at least one of the sensors for at least the last 20 
sampling times. This is a reasonable definition of  
a lost track because in this case the final errors 
were very large. As can be seen, the PDAF is able 
to reliably track even for f = 2 while for f = 0-75 
the NNSF already has approximately a 4 ~  
probability of losing track.* Also note that for 
f >  1 the track splitting filter (TSF) computational 
requirements increase exponentially with time (see 
Fig. 1). Therefore, the PDAF appears to be useful 
in the region where the NNSF has already a high 
probability of losing track and the TSF is 
unfeasible. 

Figures 3 and 4 show the average position and 
velocity estimation errors respectively, from 50 runs, 
of the P DAF  for two values of  f, compared to the 
average error in clean environment. For  f = 0.75 

* Note that  the expected number  of clutter returns in 
the window of the P D A F  is greater than ~ because the 
window of the P D A F  is increased according to (4.12). 

the performance of the PDAF is the same as in a 
clean environment and is not shown. As can be 
seen, for t: = 1.5 there is only a slight degradation 
in the performance and even for f = 2.25 it is still 
not very large. On the other hand, the NNSF, at 
f =  2.25 has a probability of losing track of 
approximately 40 per cent as indicated in Fig. 2, 
and compared to this the PDAF's  performance is 
very good. 
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. - - A v e r a g e  error in cleon environment 

"E . . . . . .  ": Average error with POAF in cluttered environment 
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104; . . . . .  ~ Average errorwith POAF in cluttered environment ! 
r- : (~ ,2 .25 )  I 

= io~ . r -¢ .  _~ 

oai . . . . . . . . . . . .  ~ 
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TIME (1) 

FiG. 3. Position estimation e r r o r s  in clean and 
cluttered environments.  
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,g 

Average error in cleon environment 

. . . . . .  Average error with PDAFIn cluttered e n v i ~ o n t  
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. . . . . .  Average error with POAF m cluttered el~ironmant 
{ r , 2 .25 )  
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TIME (S) 

FIG. 4. Velocity estimation errors in clean and 
cluttered environments.  

Therefore, as illustrated by this simulation, the 
PDAF can extend the tracking capability into the 
region of high clutter density where the NNSF 
becomes unreliable because of its high probability 
of losing track. 

6. C O N C L U S I O N  

A significant improvement can be obtained in 
the performance of a filter operating in a cluttered 
environment when it utilizes all the measurements 
that pass a certain validation test. The procedure 
to utilize these measurements is to compute the 
a posteriori probability of each measurement having 
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originated f rom the object in track 'probabilistic 
data  association')  and then incorporat ing them into 
an appropriately modified filter, the P D A F .  In 
order  to obtain an algori thm that  has computa-  
t ional-requirements  suitable for  real-time applica- 
tion, a number  o f  approximat ions  were made. The 
P D A F ,  as developed here, is suitable only for  
nonmaneuver ing  targets. Its performance was 
illustrated by a simulation in which the P D A F  was 
compared  with the s tandard filter currently in use 
for  this type o f  problem. 
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APPENDIX A 

DERIVATION OF THE PDA FILTER 

Not ing  that  the events Xk,i, i = 0, ..., ink, defined 
in (3.1) and (3.2) are mutual ly exclusive and 
exhaustive, one has 

P(Xx-lZ~, Ykt~-x) 

mk 
= Z p ( x k [ x k , o Z k ,  Yklk_i)~k,i, ( h . l )  

iffil 

where 
~k,£ ZX P{Xk,iIZk,  Yklk-1}" ( A . 2 )  

From the definition of Xk,i and (4.1) it is easy to 
see that, for i = I, . . . ,mk  

p(Xk[ Xk,i, Zk, Yklk-1) -~" p(XkIXk 4, Zk,i, Yklk-1) 

= J~(~klk,i, Pklk,t), (A.3) 
where 

~klk,~ = J~klk-a + Wk,t Vk,~, (A.4) 

Wk,i ---- Pklk-1 H~'[I-I k Pklk-1 Hk '  + Rk] -1 ~ Wk, 

(A.5) 

Pklk,i = (I-- W k Hk) Pklk-1 ~ Pk[k*. (A.6) 

Note  that the weighting matrix Wk, ~ is indepen- 
dent  o f  i. However,  Pklk,i m Pklk* in (A.6) is the 
covariance o f  the estimate (A.4) condit ioned upon  
Xk,~ and even though  it is independent  o f  the 
particular value o f  i, it is not  the covariance o f  the 
final estimate as will be seen later. 

I f  the event Xk~ occurs, i.e. none o f  the validated 
returns is correct, then (A.3) and (A.6) hold and 

Wk, 0 -- 0, (A.5')  

Pklt~,O -- Pklk--1, (A.6') 
Therefore one now has the densities that  enter into 
the summat ion  in (A.1). No te  that  they are all 
normal.  

The condit ional  mean of  the state is readily 
obtained f rom (A.1) and can be written as 

E{xklZk, Ykll:-l} ~ Jtklk 

mk 
= Y~tklk~k,~ = YCklk--~+WkVk, 

i---O 
(A.7) 

where 

Ink 
~'~ ~ Z ~k,t Vk,~ (A.8) 

i l l  

Notice that the estimate ~kak is a nonlinear function 
of the observations via the coefficients flk,i. 

The variance associated with the above estimate 
is obtained as follows 

= f [Xk-- ~tklk] [Xk-- Jtkl~]'P(Xk [ Zk, rklk-1) dXk. Pkl k 
q ¢  

(h .9)  

Using the total probabil i ty theorem [14] and 



458 YAAKOV BAR-SHALOM and EDISON TSE 

notation (A.2), the above can be written as 

mk 
Pklk = Zflk,i  

t f [Xk--:~kl k] Ix k -  klk]P(Xk[Xk,i, Zk,  Yk[k-1) dXk. 

(A.10) 
After some algebra one obtains 

r t / k  

Pklk = Pklk ° + E flk,i klk,i tklk.~ -- iktk Xklkt i--O 

---- Pklk0+ Wk[~.~lflk,i Vk,i'~k,t'-- Vk Vk'] W k' 

Zk Pklk 0 + Pk. (A. 11) 

The adaptivity of this filter can be readily seen 
from (A.14): the confidence on the estimate is a 
function of  the actual number of  validated returns. 
The matrix Pk shows the effect of  the measurements 
that did not originate from the object in track by 
increasing the covariance of  the estimate. This 
follows from the fact that Pk is positive semi 
definite as shown in [13]. 

Note that the computation of  the covariance 
requires real-time data. This is a general charac- 
teristic of nonlinear filters. 

APPENDIX B 

COMPUTATIONAL REQUIREMENTS FOR THE 
TRACK-SPLITTING FILTER (TSF) 

Let the number of  incorrect returns detected in 
the ith window at time k be r~(k), a random 
variable. Starting from time k = 0, the number of 
windows that are set up at a particular time k, if 
the track is split every time more than one return 
is detected, is obtained as follows. 

At k = 0 there is one window in which 

1 + R(k), where 

R(k-I) 
R(k)= Z r~(k). (B.3) 

i==o 

Assume that the expected number of incorrect 
returns in a gate is 

Er~(k) = f(k) (B.4) 

and that ri(k) is independent of rj(m) for k # m and 
V i,j. Then, the expected number of  tracks at 
time is 

~7(k) = 1 + ER(k) (B.5) 
and 

ER(k) = f (k) [ I  + ER(k- I)] 

= f (k){ l  +f(k- I) [I +ER(k-2)]} 
k k 

= ~, I ]  f(1). (B.6) 
iffil t=i 

Let a be the amount of computations per track. 
Then the expected computational requirements at 
time k are, assuming for simplicity f(k) = f 

C(k) = ~ ? ( k )  = o, I + J 

( r f_fk+q 
= {a[1 + ~ 1 ,  f # l  

[c,(l +k), f =  I. (B.7) 

If  f(k) is time varying then the closed form 
expression (B.7) does not hold and (]3.6) has to be 
evaluated directly. Figure 4 shows the increase 
with time of  the expected computational require- 
ments for various values of f. It can be seen that 
if f <  1, i.e. expected number of  incorrect returns 
per window is less than unity, C tends to a constant, 
namely, 

1 
lim C'(k) = ~ (B.8) 
k-~ 1 - f" 

1 (correct) + R(0) (incorrect) 

returns are detected. Corresponding to each of 
these returns, a new window is set up at k = 1. 
In one of  these windows there are 1 +r0(1 ) returns, 
including the correct one, while in the other there 
are r i o  ), i = 1 . . . .  , R(0) returns. The subscript zero 
denotes the window in which the correct return lies. 
The total number of returns, assuming the windows 
do not overlap, is now 1 + R(1) where 

R(O) 
R(1) = ~ r io  ). (B.I) 

i---o 

Similarly, at time k = 2 there are 1 + R(2) returns 
where 

R(1) 
R(2) = ~ ri(2 ). (B.2) 

4-----0 

In general, the number of  returns at time k is 

APPENDIX C 

DERIVATION OF THE PDA METHOD 

Using Bayes' rule, the probabilities from (3.4) 
can be written as [P1] 

P(Xkj[Z k, mk} = P{Xk,iIZk, Z k-l, mk} 

= ck-lp(Zk[ Xk,i,Z k-l, ink) 

x P(mk[ Xk,i, Z~-~} P{Xk,~IZ~-~), 
(C.1) 

where the conditioning on the total number of  
observed returns at time k being equal to rn k has 
now been written out explicitly, and 

mk 
Ck'= ~ P(Zk[ Xk,t' Zk-1, mk) P{mk [ Xk,t, Zk-1} 

i---o 
x P{Xk,i[ zk-1} (C.2) 

is a normalization constant. 
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Note that the probability of observing a total 
number of returns equal to m k conditioned upon 
Xk,0 ('none of the returns is correct') and Z k-a is 

P{mklXk,o,Z k-l) = P{I k = m k l Z k - 1 } ,  (C.3) 

where I k is the number of incorrect returns that 
are observed at time k. The probability of observ- 
ing a total number of returns equal to m k, condi- 
tioned upon Xk,~, i 4: 0, and Z k-x is 

P{mkl Xk,t,Z k-~) ffi e{Ik = ink-  1 [Zk-a}, 

i =  l , . . . , m  k (C.4) 

because in this case one of the returns is correct. 
The assumption that no inference can be made 

on the number of incorrect returns from past data 
is translated into treating the events lk ffi mk and 
lk = mk--1 as equally likely, i.e. 

P { I  k = m k l Z  k- l}  = P{ I  k .~ m k - I I Z  k-l} = H 0. 

(c.5) 

Note that the value of 170 is irrelevant because 
it cancels out in (C.1). Such a distribution, which 
is improper because its integral is infinite, is often 
used to describe vague prior knowledge; however, 
due to the above-mentioned cancellation the result- 
ing posterior is proper• A detailed discussion of 
improper prior distributions can be found in 
De Groot [12]. 

For i = 0, i.e. when all the validated returns are 
incorrect ones, their joint density is, in view of the 
discussion of Section 2, 

p(Zkl Xk,o, Z k-a, ink) 
l't),l. 

ffi I-lP(zk,~lXk,o, Zk--X, mk)= Vk-"~ (C.6) 
£ - 1  

since, denoting by Vk the volume of the validation 
region, 

p(zk,tlXk~,Zk-X, mk)= Vk -1, j ~ i (C.7) 

because of our assumption on the incorrect measure- 
ments being uniformly distributed. 

The probability of Xk~ based on past data is 

P{Xk ,o lZ  k - l )  ----- ~ x + ( 1 -  ax) ~ ,  (C.8) 

where ~,1 is the probability that the correct return 
will not lie in the validation region and c~ is the 
probability that the correct return will not be 
detected. 

For i =  1 , . . . ,m k one can write the density on 
the right-hand side of (C.1) as 

p { Z k  l Xk , t ,Z  k - l ,  ink} 

rn, k 
k - - 1  =P(Zk,ilXk,t,Z k-x) IIP(zk.tlXk,~,Z ,ink) 

m ~ (ra~, I )  g k 1 [ k ] -  - P( k,~lX'~,i, z -- )" (C.9) 

The density of zk, ~, given that it is correct, condi- 
tioned upon the past data is denoted as 

p(zk,i [ Xk,i, Zk-a) --~---f(zk,i [ Zk-x) (C. 10) 

assumed to be known. 
The probability of Xk,~ conditioned upon past 

data is assumed the same for all i, unless target 
signature information can be used. If no such 
information is available, then 

P{xk,~l zk-x) 

1 

m k  

= ( 1 - a l ) ( 1 - ° ~ ) ,  i = l  . . . .  , m  e . ( C . l l )  
mk 

Inserting (C.6), (C.9) and (C.11) into (C.I) yields 
the equations of the PDA method, (3.7) and (3.9). 

APPENDIX D 

S I M U L A T I O N  OF I N C O R R E C T  R E T U R N S  

The incorrect returns were generated, for the 
purpose of this simulation, as follows. Validation 
regions (99 per cent confidence ellipses) were set up 
at every time for each sensor. The area of the 
validation region, a window, of the standard filter in 
steady state is denoted by Av °. The parameter of 
our study is 

f = Av°,6, (D.1) 

the expected number of incorrect returns in the 
standard window and /5 is their expected density. 
Then, with A~ being the actual area of the valida- 

• tion region, and time-varying for the PDAF as 
indicated by (4.12) 

n = [10Av/5+ I] (D.2)* 

measurements were generated independently and 

Rggio~ in which the 
• |ncormct Meatgremenh 

FIG. 5. Generation of the incorrect measurements 
in the simulations. 

* [x] is the largest integer smaller or equal to x. 
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uniformly distributed in a square, centered at the 
predicted location of the correct measurement, with 
an area 

A = n/~ (D.3) 
This is illustrated in Fig. 5 where the correct 
measurement is denoted by '*'  and the incorrect 
ones by ' + ' .  In this way, since A>>Av, the actual 

number of validated incorrect returns was indeed 
random with mean A,,p. This procedure to 
generate the incorrect returns is believed to simu- 
late quite accurately what might happen in reality 
when there is clutter or the false alarm rate is 
high. The parameter f was kept constant during 
the length of each run. 


